Abstract: Increasingly complex air path concepts are investigated to achieve a substantial reduction in fuel consumption while improving the vehicle dynamics. One promising technology is the two-stage turbocharging for gasoline engines, where a high pressure and a low pressure turbocharger are placed in series. For exploiting the high potential, a control concept has to be developed that allows for coordinated management of the two turbocharger stages. In this paper, the control strategy is investigated. Therefore, the effect of the actuated values on transient response and pumping losses is analyzed. Based on these findings, an optimization-based control algorithm is developed that allows taking both requirements into account. The developed new controller allows achieving a fast transient response, while at the same time reducing pumping losses in stationary operation.
Introduction

Current and Future Developments
The reduction of CO 2 emissions is one of the main objectives for combustion engine development. Different measures are investigated to realize the reduction of fuel consumption. Among these are the improvement of the combustion process, the air path and the exhaust gas aftertreatment [1] . One possibility is the inclusion of charging devices in the air path to allow 'downsizing' the engine. Hereby, a similar or even a higher nominal power is realized, while at the same time, the engine displacement is reduced, which increases the engine efficiency [2] .
Conventional turbocharger architectures consist of a single turbine and a single compressor, which are connected by a common shaft. These single-stage turbocharging concepts exhibit inherent limitations on the transient load performance and the possibility to reduce fuel consumption for passenger vehicles. The trade-off between the fast transient rise of the load and the high specific power concerns the sizing of the charging unit. Large devices will enhance the specific power output and will reduce fuel consumption, especially at high engine speeds, whereas small devices will provide a fast torque response and therefore improve the driveability of the vehicle, especially at low engine speeds. To overcome this trade-off, increasingly complex air path architectures are investigated, which cope with the severe requirements. One recent example is the controlled two-stage turbocharging concept, which typically consists of a small high pressure turbocharger and a larger low pressure stage combined in series. Improvement of the transient behavior is realized due to the small high pressure stage, while the large low pressure stage enables a high power output. The turbochargers are controlled by the use of wastegates or variable geometries [3, 4] . The resulting degrees of freedom have to be handled by a control algorithm, which provides the boost pressure requested by the engine control unit. Consequently, with increasing complexity of the air path architecture, also the corresponding control gets more advanced. In the present paper, the control strategy of two-stage turbocharging devices for gasoline engines is investigated.
Related Work
In [5] , the fundamentals of the modeling and control of turbocharging devices is described. For single-stage turbocharging devices, a variety of control concepts have been developed. The control techniques were applied in various set-ups for single-stage turbocharged diesel engines [6] [7] [8] [9] [10] , as well as for different gasoline engine set-ups [11] [12] [13] [14] [15] . In the case of two-stage turbocharging, less research has been conducted so far. For diesel engines, one investigated approach is to ascribe the system to the well-known one-stage turbocharging problem by introducing a logic that switches between controlling either the low pressure or the high pressure stage depending on the current operating point [16, 17] . For low exhaust gas enthalpy (e.g., at low engine speeds), the small turbocharger is feedback controlled while the wastegate for the low pressure stage is fully closed. For high exhaust gas enthalpy (e.g., at high engine speeds), the high pressure stage is fully bypassed, and the low pressure stage is feedback controlled. Using a reduced order physical model of the system, [18] proved that a simple feedback control strategy combined with a switching logic provides global asymptotic stability for the system, while respecting state constraints on the high pressure turbocharger. Comparable approaches can be found in [19] and in [20] . Another approach is presented in [21] , where flatness-based control is used based on a model derived in [22] . A state-of-the art implementation of the two-stage turbocharging architecture for gasoline engines is presented in [23] . The author utilizes a SISO (single input single output) closed-loop PID-controller. For lower engine speeds, the high pressure stage is controlled (low pressure wastegate fully open), and for higher engine speeds, the low pressure stage is controlled (high pressure wastegate fully open). In the medium speed range, one of the two actuated values is used in a feedforward-manner with look-up tables; the other one is used in feedback. A linear time-varying MPC-based concept was presented in [24] , and in [25] , a nonlinear MPC approach is presented. In both papers, the boost pressure is controlled by a multiple input single output controller.
Main Contribution and Outline
The related work shows that the research conducted on two-stage turbocharging control is less mature than the one for single-stage architectures. The approaches investigated until now allow for the control of the boost pressure; however, the efficient use of the two wastegates can be improved. With two wastegates, there are numerous combinations of actuating the high pressure and the low pressure stage, which result in the same steady state boost pressure. Compared to the classic single-stage architecture, the system shows an additional degree of freedom, which is not fixed when controlling only the boost pressure. Depending on the chosen control strategy the transient performance is influenced, as well as the pumping losses of the engine. From a control perspective, this system behavior is called over-actuated. In this paper, the impact of the control strategy on the two criteria, pumping losses and transient behavior, is evaluated first. Based on the findings, an innovative concept is developed that uses the over-actuation to find a trade-off between fast transient performance and reduction of pumping losses, in order to fully exploit the potential of the architecture.
The paper is organized as follows: The setup of the investigated air path concept is introduced in Section 2. Sections 3 and 4 analyze the influence of the actuated values on pumping losses and on transient performance, respectively. Based on these findings, a control strategy is developed in Section 5, which takes both criteria into account.
Investigated Air Path Architecture
Set-Up
The schematic set-up of the investigated air path architecture is shown in Figure 1 . This concept consists of two turbocharging stages that are placed in series. Each stage consists of a compressor and a turbine, which are connected by a common shaft. For experimental analysis of the system, the two-stage turbocharging architecture was built up and implemented in a demonstrator vehicle (Ford Focus) with a 1.8l four-cylinder gasoline engine. More details on the experimental setup can be found in [23, 26] . The experiments conducted in this paper have been recorded with this demonstrator vehicle. All experimental data from the present paper were gained at a vehicle dynamometer, which allows setting a constant engine speed. The controlled variable of the system is the boost pressure p boost (for a better overview, all variables and indices are summarized in the Appendix Section), which is measured with a pressure sensor, positioned behind the intercooler and in front of the throttle valve. In gasoline engines, a high exhaust gas temperature is present, which is the reason why the application of sensors and advanced actuators in the exhaust gas path is critical for a series production configuration. Thus, in the presented control approach, no sensor signals from the exhaust gas path are used for control purposes.
As actuators, wastegates on the high pressure (u wg,hp ) and on the low pressure stage (u wg,l p ) are used. In the investigated set-up, pneumatic actuators are applied, without any additional sensor, e.g., for position feedback. The wastegate actuation signals correspond to a pulse-width modulated (PWM) signal, which can be set between u wg,hp = [0 ... 100] and u wg,l p = [0 ... 100]. These allow manipulating the pilot pressure, which has influence on the cross-section diameter of the wastegate opening area. Thus, the amount of exhaust gas that passes the turbine or the wastegate can be adjusted. Low values, such as u wg = 0, open the wastegate, and higher values, such as u wg = 100, close the wastegate. With an open wastegate, the majority of the exhaust gas bypasses the turbine, whereas a fully-closed wastegate ensures that all of the exhaust gas flows through the turbine.
For the chosen control approach, the two wastegate PWM signals u wg,hp and u wg,l p are used as actuated variables, and p boost is used as a controlled variable. Additionally, the engine speed n eng and ambient pressure p amb are used as measured variables; both values are available in a series production configuration. For the purpose of modeling and validation of the control algorithm, additional sensors are available in the car; however, they are not used in the control algorithm, such as the average exhaust gas back pressure p exh . As nowadays usual in series applications, the throttle valve is fully open in boosted operating points to reduce fuel consumption. As a consequence, the boost pressure is equal to the intake manifold pressure.
Requirements on Control
The control algorithm needs to handle both turbocharger stages in a coordinated fashion, such that reference tracking for the boost pressure is made possible. Compared to diesel engines, gasoline engines pose higher demands on the control algorithm. Due to the quantitative control used as the working principle for gasoline engines, a fixed air-to-fuel ratio results, and thus, the torque is directly determined by the air path. Thereby, quick reference tracking has to be achieved without oscillations and without significant overshoots. Additionally, the control algorithm should respect the upper limit constraints for the high pressure and low pressure turbocharger speeds n tc,hp and n tc,l p , as exceeding these limits might damage the turbocharger. This becomes especially challenging, as the small high pressure stage is intentionally not designed for the complete engine operating range.
Analysis of Pumping Losses
As stated earlier, a desired boost pressure can be realized by different combinations of wastegate positions for the low and high pressure stage. Depending on how each pressure stage is used, the exhaust gas back pressure changes. The exhaust gas back pressure influences substantially the pumping losses and, thus, the efficiency and fuel consumption of the engine. In the following, the influencing factors for the exhaust gas back pressure are examined in the case of two-stage turbocharging. For the power of the compressor and the turbine at each stage ( [5] ), it holds:
where the pressure ratios are defined as Π c,hp = and accordingly for the low pressure stage. In the following formulas, friction is neglected. If we look at stationary operation, the following simplifications can be made: P c,hp = P t,hp and P c,l p = P t,l p , as well asṁ c,hp =ṁ c,l p =ṁ asp , which leads to:
If additionally, the efficiency for the entire high pressure stage and for the entire low pressure stage is introduced as:
the pressure ratios can be expressed as:
For the boost pressure, it results:
For stationary operation, the values (p amb ,T amb ,ṁ asp ) become constant and are independent of the wastegate actuation; on top, it approximately holds that p dt,l p ≈ p amb . We can conclude that for a given boost pressure, the exhaust gas back pressure especially depends on two significant parameters: the efficiency of each stage and the mass flows, which can be adjusted by the wastegates.
In the following, it is shown that the efficiencies depend significantly on the control strategy. For the high pressure stage, we can see that at low engine speeds, high efficiency operation is possible. For high engine speeds, the efficiency of the high pressure stage decreases significantly as the operating points are shifted to higher mass flows and, therefore, to the right side of the map. At an engine speed of 4000 rpm, already, no pressure increase is possible due to the low efficiency. In case of the low pressure stage, the behavior is different. At low engine speeds, where small mass flows are present, the operating points are at the left side of the map. In this area, moderate efficiencies are reached. With higher engine speeds, the efficiency is increased. Looking at both stages, one can conclude that the control strategy influences the operating point of both turbochargers and, thus, impacts their efficiency.
In the following, the influence of the wastegate position on the pumping losses is examined. During the exhaust phase, the cylinder pressure is assumed to be equal to the exhaust gas back pressure p cyl = p exh , whereas during the intake phase, the cylinder pressure can be assumed to be equal to the boost pressure p cyl = p boost . The pumping loss can be calculated by:
where V dis is the displacement volume. In terms of a pumping loss mean effective pressure (PMEP), it results:
Thus, the pumping losses directly correlate with the difference of boost pressure and exhaust gas back pressure. In Figure 3 , the resulting boost pressure and exhaust gas back pressure in dependence of the wastegate positions are shown.
For constant boost pressure, the pumping losses directly correlate to the exhaust gas back pressure. To show the dependence of the exhaust gas back pressure on the wastegate position, iso-curves are plotted for p boost = 1.5 bar and p boost = 1.9 bar. Using the measurements depicted in Figure 3 and following (13) and (14) , for p boost = 1.5 bar at an engine speed of n eng = 3500 rpm, the pumping losses range from a minimum of 350 mbar, when u wg,hp = 0, to a maximum of 730 mbar, when u wg,l p = 0. At p boost = 1.9 bar, the difference even ranges from 473 mbar to a maximum of 1034 mbar, depending on the wastegate position. This implies that choosing the correct control strategy can improve the PMEP by a delta of up to ∆PMEP = 561 mbar, which corresponds to approximately 3 kW. The experimental results show that for the purpose of reducing pumping losses, it is always best to choose the combination that is characterized by the maximum use of the low pressure turbocharging stage. This is realized by closing the low pressure wastegate and opening the high pressure wastegate as much as possible. Note: when only looking at Figure 2 , it is not clear if this also holds true for small engine speeds. However, Figure 3 shows that this is valid for high, as well as for low engine speeds; although, in the case of low engine speeds, the difference in exhaust gas back pressure gets smaller. 
Analysis of Transient Behavior
The two-stage turbocharging is used to improve the transient response behavior while at the same time allowing for high power outputs. For this reason, a high pressure stage is present, which allows a faster boost pressure increase due to the smaller polar mass moment of inertia J tc,hp and the significantly lower flow cross-sections of the compressor and turbine. On the other side, a bigger low pressure stage is present, which is slower with respect to the transient behavior due to the bigger polar mass moment of inertia J tc,l p . The increase in turbocharger speed is described by:
For the experimental analysis, the vehicle dynamometer was run at several constant engine speeds. At these engine speeds, different step inputs were applied on the two wastegates. As a considerable characteristic value, t 95 can be used, which describes the time until 95% of the steady state value is reached for the first time. In Figure 4 , an exemplary experimental result of the transient behavior of the high and low pressure stage is demonstrated. The plot shows a normalized expression of the boost pressure ∆p boost,norm = (p boost − p boost,low )/(p boost,ss − p boost,low ), the rotational speed of the two turbochargers and the applied wastegate input signals. Each color corresponds to one independent measurement; in both cases, the step is applied at t = 0 s. When using the low pressure wastegate, the step response shows a characteristic time value of t 95,l p = 2.8 s. In contrast to that, when using the high pressure wastegate, the value can be reduced to t 95,hp = 1 s. As long as the high pressure stage is able to deliver torque, it holds true that for the entire investigated operating range, it is beneficial to use the high pressure stage from a transient point of view.
Step on LP-Wastegate 
Comparison of Different Control Strategies
If the reduction of the pumping losses is the major requirement for control design, the low pressure stage should be used as much as possible. In contrast to that, if the major requirement is the transient behavior, the high pressure stage should be used as much as possible. For vehicle applications, both requirements are important; consequently, in the best case, the control strategy exploits the possibilities that the two-stage architecture offers by a coordinated control.
In this paper, an optimization-based control strategy as given by model predictive control (MPC) is investigated. An overview of MPC can be found in [27, 28] . In this case, numerical optimization is used to solve an optimization problem. The results of the optimization are the optimal actuated values. A model of the process is used to predict the system states and outputs, which serves as the basis for the optimization task. The desired control behavior is translated into an appropriate cost function. The MPC routine offers the advantage that severe requirements can be incorporated. Among these are the consideration of complex nonlinear system dynamics, which is present for the air path structure investigated. Moreover, limits on system states and outputs can be considered. In the given application, the turbocharger speed limits can be respected.
In model-in-the-loop (MiL) environments, different control strategies can be developed and evaluated. Optimization-based control in MiL environments, where no real-time requirements are posed, has the advantage that the upper bound on control performance can be determined. This allows us to see how a good management of the two turbocharger stages looks like. In the following, three different control strategies are outlined; one where the pumping losses are reduced, one where the time for the transient maneuver is reduced and one where both objectives are considered.
Control for the Reduction of Pumping Losses
As stated earlier, the reduction of pumping losses can be achieved by the reduction of the high pressure stage usage. Therefore, the following cost function can be used:
such that:
In the given cost function, the two main objectives, being the reference tracking of the boost pressure and reducing the high pressure turbocharger usage, are represented by different terms. In the cost function, the deviation between the boost pressure and the reference value is taken into account with the first summand, weighted by the matrix Q. y 1(k+j|k) corresponds to the boost pressure predicted for the time step k + j based on the information available at time step k. The second summand penalizes closing the high pressure wastegate, by the weighting matrix R L . Additionally, a slack variable is introduced, which allows the optimization algorithm to exceed the turbocharger speed limits at a cost scaled with S. This changes the speed limits (20) and (21) to soft constraints, ensuring the feasibility of the optimization problem. The remaining constraints are the dynamic model (18) , the upper and lower limits of the actuated values (19) and a hard constraint on the slack variable (23) . Note that in this case, a static control law results, which means that given a certain boost pressure setpoint, disturbance and measured variables, fixed static actuated values result, which are not adjusted during transient maneuvers.
Control for Optimal Transient Behavior
In the case of transient-optimal control, the high pressure stage should be used as much as possible, as the high pressure stage can quickly increase the boost pressure. The corresponding cost is given by:
such that
In this case, the same constraints are used as in the case of reducing pumping losses. However, the cost function only takes into account the deviation of the predicted boost pressure to the setpoint and the slack variables, being represented by the different summands, respectively. The use of wastegate signals is not penalized, which allows the controller to directly optimize for fast transient behavior.
Multi-Objective Control
So far control settings were discussed where either fast transient response or efficient operation was accounted for. In the following, a control concept is investigated that takes the trade-off between both criteria, fast transient response and high efficient steady state operation into account. The objective is to use the high pressure stage to get as quick as possible to the boost pressure setpoint and then decrease the high pressure and increase the low pressure wastegate to reduce pumping losses in stationary operation. For this reason, a combination of the two aforementioned approaches is derived. In Figure 5 , the scheme of the control algorithm is presented. The first optimization calculates the optimal steady state values for the actuated variables u SS , depending on the boost pressure setpoint, the disturbance and measured variables. The cost function and constraints are equal to (17)- (23) . These optimal steady state values are then used as additional reference inputs for a second dynamic optimization. The results of the dynamic optimization are the actuated values, which are output to the plant. Note: The first optimization is static and could therefore alternatively be calculated offline and substituted by lookup tables. This would reduce the computational effort of the control algorithm. As the focus was set on exploiting the optimal management of the turbocharging stages rather than real-time capability, optimization was also used for the steady state calculation. The cost function, which is used for the dynamic optimization, is given as follows:
The constraints in this formulation are the same as in the two previous cases. However, in the cost function, there are additional summands. The first term considers the deviation from the reference value, weighted by matrix Q. Second, the rate change of the actuated values, ∆u (k+j|k) = u (k+j|k) − u (k+j−1|k) , is penalized. The deviation from the optimized steady state actuated values u ss is represented by the third term, while the final summand shows the slack variables. This cost function allows the usage of the high pressure stage during transient maneuvers to quickly reach the requested boost pressure and leads to an increased use of the low pressure wastegate in stationary operation.
Simulative Comparison of Control Strategies
A model of the process is needed for simulating the plant. The fundamental equations for air path modeling can be found in [29] . A way to reduce the arising model dimension is the application of singular perturbation methods [30, 31] . In such a way, the given setup was modeled by a DAE model resulting in two differential and two algebraic states; details can be found in [25] . The arising model was validated against measurement data, which shows that the model can reproduce the dynamic and static behavior of the air path structure. To test the different control strategies in a closed-loop setting, the model and the different control strategies were implemented in a MATLAB/Simulink environment. The model for the optimization-based controller is the same as the plant model. This has the advantage that the different control strategies can be evaluated without the influence of model-mismatch according to the focus of the present paper.
In Figure 6 , the resulting closed-loop control results are depicted for two step inputs for the reference signal with different step heights. The controller, which reduces pumping losses, entirely relies on the optimal steady state actuation values, which allow tracking the given reference. Moreover, it is the control strategy that uses the low pressure stage in a maximum way. As a consequence, the goal to reduce pumping losses is realized. For the controller, which improves the transient dynamics, the high pressure stage is used as much as possible. The upper limit is restricted by the maximum turbocharger speed. In comparison to the first controller, this strategy reaches the boost pressure setpoint much quicker; however, it uses the low pressure stage less, which results in higher pumping losses. The third strategy is the multi-objective controller. In this case, the actuated values correspond to the ones used by the time-optimal controller during the transient phase. Afterwards, the actuated values fade over towards the optimal steady state values, which are also used by the controller, which reduces the pumping losses. This results in a fast transient response, which is comparable to the time-optimal one. At the same time, the pumping losses are reduced by fading over to the solution with maximum low pressure usage. In Figure 7 , we can see moreover that the multi-objective control strategy is also able to track arbitrary reference signals. The given setpoint profile was recorded in a vehicle and, thus, represents an exemplary profile for vehicle acceleration. For the given reference signal, the speed limits of the turbochargers are respected. At the same time, the reference is tracked with high control quality, taking into account a fast transient rise, as well as reducing pumping losses by using the low pressure stage. 
Conclusions
Increasingly complex air path structures are used to further reduce fuel consumption and to improve the transient behavior. One promising architecture is the two-stage turbocharging, which represents an over-actuated system. Two different input signals are present for controlling one variable, the boost pressure. In this paper, the resulting degrees of freedom are examined. The effect of the high pressure and low pressure wastegate on the pumping losses and on the transient behavior is investigated. For these two objectives, the control strategies are contradicting. In order to reduce pumping losses, the low pressure stage should be used as much as possible, whereas for a fast transient maneuver, the high pressure stage should be used as much as possible. Based on these findings, a control strategy is developed in this paper to cope with both requirements. The idea is to use the high pressure stage in the transients while fading over to the use of low pressure stage for stationary operation. This control strategy is realized by defining a specific control formulation for an optimization-based controller. First, the optimal steady state actuated values are determined, which are then used as input for a dynamic optimization. The resulting controller is able to provide a fast boost pressure build up and at the same time a reduction of pumping losses for steady state operation.
